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Abstract 
Traditionally fatigue damage is associated with time dependent loading, in the form of local stress or strain histories. But there 
are load situations both in the lab testing as well as in the real world, where the determination and definition of the loads are more 
efficiently conducted in the frequency domain. Be it as deterministic sine sweeps or random stationary processes. For uni-axial 
loads the simulation of these signals on shaker tables has been analyzed in the past.  
But if we go to multiple loads which are somehow correlated new aspects have to be taken into account as the correlation or 
phasing have an important impact on the fatigue life – imagine the loads on a truck frame where there is a definite correlation 
between the loads from the front and rear axles.  
In this paper we present the methodology to handle multiple loads and also how to correctly handle the local stresses evaluated 
from multiple correlated signals, if used for a fatigue analysis. We show why traditional equivalent stress approaches bases on 
von Mises or principal stresses are problematic and the critical plane approach should be used. We discuss on how information 
on the behavior with respect to in-phase and out-of-phase loading can be analyzed and how it can be used to design better test 
setups on the shaker table. 
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1. Introduction 
Fatigue damage is induced by many load cycles. In many cases the loads are acting at different positions. These 
loads are typically neither completely independent nor fully proportional or just phase shifted. This leads locally to 
stress states that are multi-axial but often dominated by a single direction. The local stress state has an important 
influence on the fatigue behavior.  
Therefore in fatigue one is interested in applying real, or as realistic as possible load scenarios. This is often done 
by measuring the loads, applying some intelligent filter algorithms that shorten the measured time histories but keeps 
the damaging effects and correct phasing information. 
Those load histories are then applied on test rigs. The simulation of these fatigue tests allows on one side to 
analyze the test worthiness of a design and optimization of a design on one hand [1] but on the other hand also 
allows to improve the test setup, by identifying the design specific critical loads and events. 
In the case of dynamic loads that also excite resonance frequencies of the components, testing is performed 
typically on shaker tables. The load signals in this case are defined in the frequency domain as a combination of 
random and deterministic signals. Naturally quite early the statistical background of these signals and their 
connection to fatigue have been analyzed (e.g.[2,3]), whereas the multi-axial effects had been neglected for quite a 
time [4] as well as the connection to phasing and cross correlation of the applied signals.  
In the following we show in theory and on a small example the influence that taking into account the correlation 
between applied signals has an important effect on the fatigue life. Simulation can identify the influence of the 
correlation and help to design better tests. 
 
Nomenclature 
PSD Power spectral densities  
X(t)   Random process 
FT(X) Fourier transform 
RX(W) Autocorrelation function 
SX(Z) Power spectral density 
RXY(W) Cross-correlation function 
SXY(Z) Cross spectral density 
rms Root Mean Square value 
E(Z) Expectation value of zero crossings 
E(P) Expectation value of peaks 
J Irregularity factor 
p(σa) Probability distribution of stress cycles 
G Stress cross power matrix 
D(M) Damage in critical plane 
D Max Damage in all planes 
 
2.  Power spectral densities (PSD) 
For analyzing in detail, we need some definitions for random excitations. 
We will denote by X(t) a random process. (Formally one should describe it by X(t,p) where for fixed T,  X(T,p) is 
a random variable and for a fixed P, X(t,P) is a deterministic function in time, For simpler reading we omit the 
probabilistic dependency in the following) 
 
Let us define the power spectral density functions as the Fourier transform of the autocorrelation function: 
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It can be shown that this corresponds to the density of the power, i.e. roughly spoken the square of the modulus of 
the Fourier transform– where obviously the name is deducted from: 
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The definition by the Fourier transform allows the extension to cross power spectra: 
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3. Random excitations and stress cycles 
If the excitations are random and given by a cross power set, one has to use probabilistic approaches to get to real 
stress cycles. In this chapter we first assume that we locally know a uni-axial stress PSD. 
Clearly the power spectral density gives us information on a random process of the local stresses.  One very 
useful characteristic can be calculated directly from the PSD. The so-called root mean square (rms) value is defined 
as the square root of the area under the PSD curve. 
But what can it tell about stress cycles. Some basic analysis tells us that the moments give us some basic 
statistical information:    
 
x Expected Zero-crossings,  
x Peaks  
x Irregularity Factor 
 
Two of the most important statistical parameters are the number of so-called zero crossings and number of peaks 
in the signal. The figure below shows an interval cut out from a wide band signal. 
The red points in Fig 1 give the upward zero crossings and the blue points the upper turning points. The more 
upper turning points exist for which no zero crossings exist, the more irregular is the signal. 
 
 
Fig 1: A stochastic process 
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Basic analysis shows that one can estimate the number of zero crossings (E(Z)) and the number of upper turning 
points (E(P)) from the PSD. 
E(Z) represents the number of (upward) zero crossings, or mean level crossings for a signal with a non-zero 
mean. E(P) represents the number of peaks in the same sample. These are both specified for a typical unit interval 
(1s) sample. The irregularity factor (J) is defined as the number of upward zero crossings divided by the number of 
peaks. 
In this particular case the number of zeros is 2, and the number of peaks is 3, so the irregularity factor is equal to 
0.66. This number can theoretically only fall in the range 0 to 1. For a value of 1 the samples must get close to a 
harmonic loading meaning the process must be narrow band. The broader the process i.e. the more different 
frequencies are found in the samples then the value for the irregularity factor tends towards 0. 
But how to calculate these expectation values from a given PSD. For this we have to look at the moments from a 
PSD 
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is called n-th moment of S. 
With this we can calculated the above mentioned values: 
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The moments and expectations values give overall information of the process still we remember that for a fatigue 
analysis we need the distribution of cycles. As already mentioned we are talking about random processes and 
therefore can only expect to get the probability distribution of cycles )( ap V , defined as 
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This means that the number of cycles to be expected in a rainflow count during a test time T: 
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The step to find )( ap V  for a given random process defined by its power spectral density – called amplitude 
estimator in the following - is not unique and separates different methods:  
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3.1. Narrow Band Solution 
Bendat [2] presented the theoretical basis for the first of these of these amplitude estimators, the so-called 
Narrow Band solution.  
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As the name indicates this solution is suitable only for a specific class namely a narrow band of response 
conditions. 
On the other hand investigations show that the narrow band solution is always more conservative than 
assumptions of broader band conditions. Therefore in the case that you know to have a narrow band condition, you 
should also use this parameter. 
3.2. Dirlik 
Since real life load spectra for durability problems often are far from narrow band people developed several 
correction methods. Most were developed with reference to offshore platform design where interest in the 
techniques has existed for many years. Dirlik [3] has produced an empirical closed form expression for the 
probability distribution of rainflow ranges, which was obtained using extensive computer simulations to model the 
signals using the Monte Carlo technique.   
Dirlik's empirical amplitude estimator has been shown to be far superior, in terms of accuracy, than the 
previously available correction factors. Further on Bishop provided theoretical verification of the method. 
3.3. Equivalent Sine Wave 
The equivalent sine wave method can be used for a very fast overview. It simply estimates a sine wave showing 
the same 0m and 2m . 
4. Multiaxial loads 
In the case of stochastic processes the question of multiaxial loads has to be analyzed in more detail. Multiaxial 
behavior is introduced by multiple loads. The phasing of those loads defines the local multiaxial behavior. In chapter 
2 we have seen that the cross powers still contain the necessary information about the phasing. 
After the load transfer as depicted in Fig. 2 we calculate the cross power matrices of the local stress. If the load 
was defined as multiple loads with individual cross correlations, we also do not just get a stress tensor consisting of 
a PSD in each component, but we also get the cross powers between each of the stress tensor components. 
In fatigue we want to compare variable amplitude stress cycles with tests typical stress-life curves from uniaxial 
tests. To do so either equivalent stress methods or critical plane methods are used. 
In the case of random fatigue we can not use equivalent stress methods in the case of real local multiaxiality. 
(Also in time based fatigue methods equivalent stress methods may be misleading if there is local multiaxial 
behavior.) Simple examples can show that the calculation of invariants as von Mises or principle stresses are not 
feasible as they are no more invariant against coordinate system transformations: 
4.1. Example 1: Fully coupled PSDs 
Local plane stress cross power matrix example: 
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Rotation of coordinate system by an angle of 6/SD  . 
 
Rotation matrix 
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This rotation matrix has to be applied for the left and its transpose from the right. 
Local stress PSD after rotation: 
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So for fully coupled loads – as expected – we can calculate a von Mises value [3]  
4.2. Example 2: partially decoupled PSDs 
Local plane stress cross power matrix example: 
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Rotation of coordinate system by an angle of 6/SD  . 
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means a completely different value due to the cross power terms.  
Analyzing this in more detail one can see that only linear projections as done in the critical plane approach are 
valid for calculation of the stress PSD used to estimate the stress cycle distribution.  
4.3. Critical plane approach for Cross Power Stress Tensors 
In the critical plane approach [4] the stresses are projected in potential critical stress directions. Then for each 
direction the damage is evaluated and one assumes the direction of the highest damage defines the real critical plane. 
Assuming plane stress one performs this for a set of directions, e.g. stresses in direction M=0°, 10°, 20°, … are 
evaluated. 
For stress tensors the projection in crack open direction can be calculated as: 
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Assume now that  
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denotes a stress cross power tensor the PSD in the potential critical plane in direction M is given by 
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Denoting by D(M) the fatigue damage produced by GMM then the damage of the critical plane 
 
)(max
]180,0[
M
M
DD
qq
   (24) 
 
is independent of coordinate transformations in the plane of plain stress.  
So the critical plane approach can handle also the PSD based approach including multiple loads with any cross-
correlation. 
 
5. Example of influence of phasing 
To show that it is important to take into account the phase relation using the cross powers we calculate a bracket 
 
Fig. 2: (a)The model (b) Mode at 330 Hz 
  
The bracket is fixed to a shaker at the two lower holes and carries a heavy part, modeled by the two green mass 
points. 
We will excite the bracket in vertical and in lateral direction. Analyzing the mode shapes a mode at 330 Hz is 
especially interesting for our example. 
We apply the following PSD in x (lateral) and z (vertical) direction: 
 
Fig. 3: Applied acceleration PSD 
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First we analyze the uncoupled load. From the applied load and the mode distribution we expect and see that the 
mode at 330 HZ will dominate the fatigue distribution: 
If we now apply the loads with a defined cross power, namely fully coupled out-of-phase we get a similar 
distribution but as to be expected a lower damage at the load application but a higher damage in the bended area: 
 
Fig. 4: Fatigue distribution of the uncoupled, the out-of-phase and the in-phase test 
 
More drastically we can see the influence at coupling when assuming fully in phase. Here the ratio –of course - is 
in the opposite direction. 
 
Here the vertical load dominates and cancels out the vibration of the combined mode at 330Hz. 
 
6. Conclusion 
The very simple example in chapter 5 shows that the coupling of loads is important for the fatigue behavior. If 
the phasing is defined as in the example of road loads of front and rear axle, it must be included both the test and the 
simulation. As the phasing information has a high influence on the local multiaxial behavior it must be evaluated by 
the appropriate methods. As shown in chapter 4 this must be coordinate system invariant methods as the critical 
plane approach. 
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